I. NOMENCLATURE (X, Y, Z)
Missile body coordinate system U, V, W X -, Y-, Z-components of the linear velocity vector of missile, respectively p, q, r X -, Y-, Z-components of the angular velocity vector of missile, respectively I x , I y , I z
Moments of inertia about X-, Y-, Z-axes, respectively I xy , I yz , I zx Products of inertia m
Missile mass S, D
Aerodynamic reference area, length of missile, respectively l b , l f , l g
Distances from the nose of the missile to the center-of-pressure of missile body, the center-of-pressure of control fins, and the center-of-gravity of missile body, respectively V M Total velocity of missile ( Minimum, maximum eigenvalues of A 2 < n£n , respectively D i f(x 1 , :::, x n ) Partial derivative of f : < n ! < at (x 1 , :::, x n ) 2 < n with respect to the ith argument u s (t ¡ a)
Unit step function (u s (t ¡ a) = 1, t > a, but u s (t ¡ a) = 0, t · a)
L[f(t)]
Laplace transform of a function f : [0,1) ! < I U Range of X-axis missile linear velocity U I ½ Range of air density ½ I ± Range of control fin deflections ± p , ± q , ± r .
II. INTRODUCTION
The bank-to-turn (BTT) missiles can have several advantages over skid-to-turn (STT) missiles and hence the autopilot design for BTT missiles has been widely studied [1] . Since the direction of the aerodynamic normal force is determined by the roll motion, the BTT missile need not be symmetrical in shape. In fact, an asymmetric structure can offer the possibility of improved storage and aerodynamic performance [2] . Moreover, the BTT missile may be designed to use an airbreathing propulsion system, thereby providing a greater range for a given weight of fuel. Proper operation of an airbreathing missile, however, requires that the side-slip angle be very small (several degrees, at most) and hence precludes an STT autopilot [3] .
In spite of the aforementioned advantages of BTT missiles, they pose some severe challenges to the control engineers. First, a high roll rate combined with the asymmetric structure of the missile body produces severe undesirable coupling between roll, yaw, and pitch channels. Second, the input-output (I/O) dynamic characteristics from the control fin deflection to the missile acceleration are of nonminimum phase. Third, the associated aerodynamics are highly nonlinear and usually available only in look-up table form.
Recently, a lot of effort has been made in finding more effective methods of designing autopilots for highly maneuvering BTT missiles [4] [5] [6] [7] [8] [9] . Especially in [4] [5] [6] [7] , the so-called gain-scheduling approach based on the modern state-space design methods such as LQR, LQG/LTR, H 1 , and ¹-synthesis was taken to make the autopilot performance uniformly regardless of equilibrium points. And in [8, 9] , robust feedback linearization approaches to BTT autopilot design have been successfully applied. However, such successful applications of feedback linearization technique were made possible because the outputs to be controlled are not acceleration but other variables such as angular position or angle of attack. In fact, the I/O feedback linearization technique, which has been regarded as the powerful design method for nonlinear systems, cannot be applied directly to acceleration control of BTT missiles because the pitch channels of tail-controlled missiles are inherently of nonminimum phase.
Adaptive neural-network-based control approaches were also proposed [10, 11] . In [11] , a hybrid adaptive control scheme consisting of a radial basis function network in parallel with a fixed-parameter linear feedback loop was proposed to achieve uniform control performance during flight. It was shown that the hybrid autopilot can compensate adequately for the nonlinearities neglected in linear approximation of missile dynamics around equilibrium points. However, only canard-controlled missiles, which are of minimum phase, were considered.
We propose a new autopilot design method for high maneuverability of BTT missiles, which is based on a much more general missile model than those previously considered in BTT missile control. This new method does not involve any gain scheduling and is straightforward and practical though computationally complex. The proposed roll, yaw, and pitch autopilot controllers can make the I/O dynamic characteristics for roll, yaw, and pitch channels linear and independent of the flight conditions such as missile velocity and air density. Nonetheless, missile velocity and air density are not assumed to be constant or slow varying. In these respects, our autopilot design method is believed to significantly improve the previously known methods.
Basically, a singular perturbation-like technique and the well-known feedback linearization technique are incorporated into the functional inversion technique used in [12] . The result given here can be viewed as the extension of that in [13] to BTT missiles whose dynamics are much more complex than those of STT missiles because of asymmetric structure of missile body and coupling between roll, yaw, and pitch channels. We demonstrate the generality and practicality of the proposed control method through mathematical analysis and various simulation results using an ILAAT missile.
III. CONTROLLER DESIGN
In deriving the equations of motion for BTT missiles, make the following assumptions.
A1. m, I x , I y , and I z are constant. A2. The missile body is symmetrical in the pitch plane.
Assumption A1 is commonly accepted during the endgame phase of flight [7] , while Assumption A2 is quite natural for BTT missiles. Then the three-dimensional motion of a BTT missile can be described by the following nonlinear ordinary differential equations [1, 2] Roll Dynamics
Here, the functions C y , C z , C m , C n , and C l describe the aerodynamic coefficients in terms of V, W, V M and deflections of control fins (± p , ± r , ± q ); and are obtained in look-up table form through wind-tunnel experiments. Note that in (1), the X-axis component U of the missile velocity is regarded to be a time-varying exogenous variable. For the derivation of the autopilot controllers for BTT missiles, we further assume the followings.
A3. The functions C l , C y , and C z are invertible with respect to ± p , ± r , and ± q , respectively.
A4. The actuator dynamics are fast enough to be ± p = ± c p , ± r = ± c r , and ± q = ± c q . Assumption A3 is well justified in [7] and Assumption A4 is practically reasonable, as shown in Section V. Now, we are ready to design the autopilot controllers based on the dynamic model for BTT missiles in (1) . Note that our dynamic model is very general compared with those used in previous works. The roll and pitch autopilot controllers are designed to track the desired commands for roll angle and pitch acceleration, respectively. On the other hand, the side-slip angle, or, equivalently, the yaw velocity V, must be kept as small during flight as possible. High maneuverability means not only high aerodynamic accelerations, but also the ability to change the orientation of the acceleration rapidly. This means that roll rate may be much larger than it would be in STT missiles.
By Assumption A3, there exists a mapping K l satisfying
(2) Using the mapping K l , we can design the roll autopilot controller as follows
where the new input u p is given by
Here, the positive constants a p , b p , ! n , and¸are design parameters. Then the dynamics of roll channel given by (1a) and (3) are described as follows Roll Dynamics 8 < :
Hence, the I/O transfer function of roll channel is given by
(5) From (5), we see that the roll autopilot controller in (3) provides exact set-point tracking. As can be seen later, the design parameter ! n determines the bandwidth of the pitch channel. Hence, the design parameter¸adjusts the bandwidth of the roll channel relative to that of the pitch channel.
Using the roll autopilot controller in (3), we can also write the dynamics of the yaw channel in the following simpler form
To go further, we define the new functions H a and H b by
Here, the function f N represents the normal component of the aerodynamic force generated by the missile body. And it is well justified in [12] that f N depends only on ® T , continuously differentiable, and is strictly increasing in the range of 0 · ® T < ¼=4 such that f N (0) = 0 (8) and further that the following relationships hold between the aerodynamic coefficients:
By Assumption A3, there exist the mappings K y , K z satisfying
respectively. Choose the control fin commands ± c r , ± c q by
respectively, where u y and u z are the new inputs to be designed soon. By (9) and (10), the closed-loop system consisting of the missile dynamics in (6), (1c), and the controller in (11) then can be described in the following "almost linear" form
As mentioned earlier, BTT missiles are desired to have small side-slip angle during flight. Note that the yaw velocity V goes to zero as the side-slip angleḡ oes to zero since¯= tan ¡1 (V=U). Hence, the yaw channel autopilot is designed so as to keep the yaw velocity V zero. For this purpose, the new input u y in (12a) is chosen as follows.
where the constants a y and ! n are design parameters. Then the dynamics of the yaw channel given by (12a) and (13) are described by the following
From (14), we see that if a y > 0, then V ! 0 as t ! 1.
As done for STT missiles in [13] , it can be shown that the direct application of the I/O feedback linearization technique [14, 15] to the nonlinear system in (12b) produces unstable hidden dynamics and hence does not give a useful solution for acceleration control of BTT missiles. However, it is fortunately possible to linearize this partial-linearized system in an approximate but stable way by using a singular perturbation-like technique. To show this, we introduce the following magnitude and time scaling transformation bŷ
It then can be seen that this transformation takes the closed-loop systems given by (4), (12b), and (14) to a singularly perturbed system as follows
2 )
Letting ! n ! 0, we obtain the reduced system given by (16a) and 
Here, we have added bars on the top of the variables affected by letting ! n ! 0 to discriminate from those of the original system in (16) . Now we attempt to find the feedback law that can I/O linearize the reduced pitch dynamics. To this aim, neglect the last term (I zx =I y )r 2 in (17b) and, in addition to Assumptions A1 through A4, assume further that A5. h v2 is constant.
Choose the inputû z in (17b) bŷ
wherev z is the new input and the functions N, F, and G are defined as follows
Here, 
Thus, we have seen that the feedback control law in (18) I/O linearizes the reduced pitch dynamics when the term (I zx =I y )r 2 is neglected and Assumption A5 holds. Recall that the yaw autopilot has been designed to be V ' 0. As the result of this, along with (17a) and the definition of H a in (7a), H a ((V=V M ), (Ŵ=V M )) and hencer are always small. Therefore, it is quite natural to neglect the term (I zx =I y )r 2 in (17b) when we derive the I/O linearizing controller in (18) . We further justify this point through the rigorous performance analysis in Section IV and the simulation result in Section V. On the other hand, Assumption A5 is clearly valid during the endgame phase flight. Furthermore, even the case where h v2 varies with time can be handled through use of a kind of output redefinition method but at the cost of some performance degradation. Finally, as is shown in Appendix A, N is always positive during flight.
Hence, the feedback control law in (18) 
where the positive constants a z and b z are the design parameters soon to be discussed and3 z1 (t),3 z2 (t) 2 <. Note that the above dynamic compensator contains an integral term to eliminate the steady state error. Then, simple calculation shows that the I/O transfer function of the closed-loop system given by (19) with (21) is
In what follows, we assume that the constants a z , b z are chosen so that all the roots of (s 3 + a z s 2 + b z s + 1)
have negative real parts.
It is clear from (22) that whenÂ c z is a step command, jÂ z (t) ¡Â c z (t)j ! 0 as t ! 1. Moreover, this desirable property remains preserved even when ½ and U are time varying.
Considering the magnitude and time scaling transformation in (15), we can convert the feedback control law given by (18) and (21) into the form required for the new input u z in (11b). Then, we have
In Section IV, we show that the I/O dynamic behavior of the closed-loop system given by (12b) and (24) tends to be governed by G z (s=! n ) as ! n decreases. Furthermore, it is practically possible to choose an appropriate value of ! n that can provide not only the I/O dynamic characteristics very close to G z (s=! n ) but also fast transient responses because the physical value of h v2 U is generally much larger than the desired bandwidth of the pitch autopilot.
Note that the missile model in (1) does not take the standard singular perturbation form. However, recall that our partial-linearizing controller in (11) and the magnitude and time scaling transformation in (15) take the missile model in (1) to a singular perturbation-like form. This implies that, as was done in [16, 17] for aircraft, a parameter ² may be associated artificially or naturally with the missile angular rates r and q. Here, we do not convert the missile model into a standard singular perturbed form by introducing such a small parameter ² because the design parameter ! n in our linear controller in (16) can play fully the role of such an artificial parameter ².
IV. PERFORMANCE ANALYSIS
In Section III, we already have shown that Á ! Á c , V ! 0, and p ! 0 as t ! 1. Therefore, it suffices to analyze the dynamic behaviors of pitch dynamics and yaw rate.
To this aim, we consider the time-scaled closed-loop system consisting of (16a), (16b), and § q :
Then, the reduced system, obtained from the time-scaled closed-loop system consisting of (16a), (16b), and (16c 0 ) by letting ! n ! 0 and neglecting (I zx =I y )r 2 , is given by (16a), (17a), and § q :
Furthermore, simple calculation shows that
Now, we define some error variables and auxiliary variables as followŝ
Through some calculations using (16b), (16c 0 ), (17a), and (17b 0 ), we then can derive the following error equations § e :
where
(29) In what follows, we make the following assumptions for mathematical simplicity.
A6. f N is smooth enough for H a and H b to be continuously differentiable at V = 0, W = 0.
A7. During flight, 0 · ® T · ® max for a positive constant ® max < ¼=4.
As seen in Section V, this is practically true. By Assumptions A6 and A7 along with (7), (8), and (20), there then exist positive constants J min , h a , ® M ,¯M 1 , and¯M 2 such that
It is also quite natural to make the following assumption.
A8. There exist positive constants ½ min , ½ max , U min ,
By Assumptions A7 and A8 along with (18) and (30), we then can see that
where · i , i = 1, 2, 3 are the positive constants given by
On the other hand, (23) implies that A 11 is a Hurwitz matrix. Therefore, there exist positive definite symmetric matrices P 11 , Q 11 2 < 3£3 satisfying
Define two matrices P 0 and Q 0 as follows
When A c z and Á c are constant, let
Then, (22), (23), and (25) imply the existence of positive constants°1,°2, and ¾ 1 satisfying j3 z1 (t)j ·°1kÂ z (0)ke
From (16a) and (16b), we also see that the following inequalities hold for some positive constants°3,°4,°5,°6 , ¾ 2 , and ¾ 3 jp(t)j ·°3kÂ p (0)ke
We finally introduce the following notations to concisely describe the performance analysis for the proposed autopilot controllers
The Proof of Theorem 1 is given in Appendix B. Note that Theorem 1 does not necessarily impose stringent limitations on initial conditions and design parameters because U min =I zx is very large in most practical situations. Furthermore, if I zx is assumed to be zero, as done in most prior works, all assertions in Theorem 1 hold globally. Nonetheless, the roll rate is required to be sufficiently small in any case.
In particular, Theorem 1 shows that when ½ and U are constant, the proposed pitch controller assures precise set-point tracking, while the settling time is determined mainly by the design parameters a z , b z , and ! n . It also suggests that the set-point tracking performance may be degenerated when ½ and U are fast varying. However, the simulation results presented in the next section suggest that in practical situations, ½ and U cannot vary so fast as to seriously affect missile acceleration responses. Furthermore, it also can be shown that the I/O dynamic characteristics of the closed-loop pitch dynamics approach those of the linear system given by (19) with (21) as ! n ! 0 or U min ! 1 when ½ and U are constant. However, the Fig. 1. 3D graphic representation of H a . details of the assertion are omitted because of limited space and mathematical complexity.
V. A PRACTICAL EXAMPLE
In this section, the autopilot design method developed so far is applied to ILAAT missiles to illuminate further its practicality. We assume that the ranges of X-axis missile linear velocity, air density, and control fin deflections are given as 
where I ½ corresponds to the range of altitude from sea-level up to about 10 km. The aerodata of the ILAAT missile used for our simulation work is the same as that in [4] . In the aerodata given in [4] , I zx = 0. To simulate the most general situation, however, we have chosen I zx = ¡0:7043 as in [7] . Then, the functions H a and H b can be determined in look-up table form by utilizing the relationship in (9), and Fig. 1 shows the 3D graphic representation of H a . Furthermore, both the functions H a and H b can be approximated with fairly high accuracy to
where k s1 = 3:6842 £ 10 ¡1 , k c1 = 9:8686 £ 10 ¡2 , k s2 = 2:8213 £ 10 ¡1 , and k c2 = 1:2788. Here, the first argumentṼ of the function H b is set to zero because the aerodynamic coefficients C z and C m of the ILAAT missile do not depend significantly onṼ. It can then be shown through differentiation of the above approximations or numerical differentiation of the actual data for H a and H b that the partial derivatives (18) is well defined. Now, suppose that we want to design the autopilot controllers that can maintain the side-slip angle less than 5
± and can track the step input commands of roll angle and pitch acceleration with zero steady state error, overshoot less than 5%, undershoot less than 10%, and have a settling time of roll and pitch channels shorter than 0.1 s and 0.3 s, respectively, over the whole ranges of U and ½ given in (43). To this aim, we first have chosen a z and b z so that G z (s) in (22) takes the ITAE (integral time multiplied absolute error) form [18] . Then, we have chosen¸= 3 and adjusted ! n so as to meet both the settling time specification and the stability condition in (40a). Finally, the parameters of roll and yaw dynamics have been chosen to satisfy the performance specifications. In summary, we have determined the design parameters: We first verify Assumption A4 by investigating the effect of the following type of actuator dynamics on the performance of our autopilot controller
The simulation results in Fig. 2 show that the actuator dynamics with reasonable time constant do not cause any noticeable performance degradation.
To show that set-point tracking in both pitch and roll channels is accomplished successfully and the coupling effect between pitch and roll channels caused by our autopilot controllers is insignificant, we first applied a step acceleration command to the pitch channel at t = 0 s. Then we made step changes in roll angle command Á c from 0 ± to 45 ± at t = 1 s and then to 0 ± at t = 2 s. Thereby, very high roll rate was produced as can be seen from Fig. 3(c) . As can be seen from Fig. 3(a) and (d), however, our autopilot controller still provides good set-point tracking performance. In particular, the pitch acceleration response is not affected significantly by high roll rate. Furthermore, Fig. 3(d) shows that the side-slip angle is not affected at all. As shown in Fig. 4(a) , the normalized acceleration responses of the closed-loop missile system to various step commands are nearly identical. Hence, the simulation results in Fig. 4(a) confirm that the I/O dynamic characteristics of the closed-loop missile system are almost like those of a linear system. On the other hand, Fig. 4(b) shows that the time responses of angle of attack to step pitch acceleration commands are bounded but not proportional to their corresponding acceleration commands. This implies that the internal dynamic characteristics of the closed-loop missile system from acceleration command to angle of attack are still nonlinear. Therefore, these simulation results clearly demonstrate that our autopilot design method can handle effectively the nonminimum phase characteristics and high nonlinearities of BTT missile dynamics.
To show through simulation that the performance of our autopilot controller is quite robust with respect to uncertainties in aerodynamic data, we have investigated the effect of large scale factor errors in the aerodynamic coefficients. Our extensive simulation study has shown that performance degradation by large scale factor errors in C m , C n , and C y are insignificant, while the effects of those in C z and C l are noticeable. Nonetheless, our autopilot controller still can provide zero steady state error and good transient responses, as shown in Fig. 5 . We also have confirmed through extensive simulation that the uncertainties involved in differentiation of the aerodynamic function H b such as distortion or scale factor error may cause some degradation in transient performance but produce no steady state error. Some typical simulation results are depicted in Fig. 6 .
Finally, we demonstrate that the performance of our autopilot is still satisfactory even in ill-conditioned flight situations. To this aim, we have made a scenario of flight path as shown in Fig. 7(a) , where U and ½ decreases at constant rate, respectively, from 3V s to 1:5V s and from 1:2 kg/m 3 to 0:6 kg/m 3 in 4 s. This corresponds to a vertical ascent of the missile. Note that along the flight path, Q decreases 1 8 times in only 4 s. In this situation, a series of large step pitch acceleration commands and roll angle commands were applied as shown in Fig. 7(b) and Fig. 7(c) . From Fig. 7(b) , (c), and (e), we see that all performance specifications are met even in such an ill-conditioned flight situation and that the I/O dynamic characteristics of the closed-loop missile system are almost independent of flight conditions. Step responses in the presence of scale factor errors in
The simulation results in Fig. 7 also suggest that our autopilot still can give good performance even for the missile in flight with the thrust burned in.
VI. CONCLUSIONS
In this paper, we have proposed a new approach to autopilot controller design for BTT missiles and demonstrated its generality and practical use through mathematical analysis and various simulation results. Our autopilot design method is based on a much more general dynamic model for BTT missiles than those considered previously and can be applied to a wide class of BTT missiles. Other interesting features of the proposed controller are 1) a systematic design method which does not require any tedious gain-scheduling procedure; 2) a rigorous stability analysis of our autopilot controller; 3) the excellent set-point tracking performance, which is independent of flight conditions; and 4) insignificant coupling effect between roll, pitch, and yaw channels.
Nonetheless, some important issues still remain untouched. For instance, fin limitation problem has not been addressed. The missile fins, which affect the forces and moments, are deflection and rate limited. Another important issue may be consideration of sampling effect in the digital implementation of our autopilot controller.
APPENDIX A. POSITIVENESS OF THE FUNCTION N IN (18b)
Using the definition of the function H b in (7b), we can obtain the partial derivatives of H b as follows 
Thus, we see that (20) is true.
APPENDIX B. PROOF OF THEOREM 1
It is the direct consequence of the conditions in (39) and (40a) that Q 0 defined in (34b) is positive definite and hence that¸m(Q 0 ) > 0. Choose a Lyapunov-like functionV w bŷ Take the total derivative ofV w along the trajectory of the system in (27) and using (31), we then 
